The inertial drag on Cooper pairs in a rotating rf-SQUID ring leads to an asymmetry in the Hamiltonian potential able to force the average magnetic field versus in the ring along the angular velocity one. This effect is a Sagnac signature of Cooper pairs at a quantum level and it may probe the fundamental quantum Mach principle within detectability levels.
Introduction
The Mach principle relates fundamental open questions from microphysics (the origin of the elementary particle inertial mass) to general relativity (the Lense Thirring drag) as well as to basic cosmology (the overlapping of the "absolute space" with cosmic BBR inertial frame and possible related closure of the universe). At classical level the Mach principle links different puzzling historical questions [1] : from the oldest Newton's bucket and the Foucault's pendulum to recent Sagnac's experiments , to the most elaborated detection of inertial drag experiment (gravitomagnetism [2] ) due to the Lense and Thirring drag on gyroscopes [3] . The Mach effect is (at least partially) implied by General Relativity [2] but it has never been tested at quantum level. It is therefore of interest to consider the "Mach" drag effect on a rotating rf-SQUID. As we shall show the phenomenon is analogous to the Sagnac effect by Cooper pairs (which behaves as a unique particle of twice the electron mass) and it may be observable at present experimental set up. An equivalent quantum effect has been considered long time before : it is a superfluid helium gyroscope (SHEG) [4] [5] . The analogy between boson condensation of Cooper pairs in rf-SQUID and the boson He condensation is indeed stringent for the 3 He-B superfluid where non-dissipative measures are possible [6] [7].
The Quantum Sagnac effect
The simplest classical Sagnac effect for a massless particle , as a photon, in a ring system of surface Σ = πR 2 , rotating at angular velocity Ω (for instance in a ring laser or in a fiberoptic ring or a fiber loop) may be easely evaluated : the propagation time along a circular path of radius R is τ = 2πR v ; it differs for co-rotating and counter-rotating photons by a time deviation interval (for the ideal in axis rotating ring)
where v in general is the phase velocity of the photon in the medium : in the general cases to discuss we set v ≃ c. The corresponding phase shift δα between two counter-propagating modes (of a monochromatic source) at a given frequency ν (whose energy is ǫ γ = hν) in general becomes :
and it is therefore as usual proportional to the area and angular velocity. For a counter-rotating and co-rotating wave packet of any massive particle whose energy is ǫ p = m * c 2 γ , the above Sagnac phase shift may be naturally extended [8] [9] [10] (by substitution ǫ γ → ǫ p in equation 2) as follows :
(where γ is the Lorentz factor related to the tangential velocity of the ring and in non relativistic regime γ ∼ 1). The classical detection of such a phase shift allows the observer to be informed of its own rotation (for instance of the terrestrial angular velocity Ω ⊕ ) with respect to the "absolute inertial frame". As Mach noted this frame is coincident with the wider cosmological one defined by the "fixed star" , or better in a cosmological language , by the BBR inertial frame. This peculiar coincidence verified at 10 −6 Ω ⊕ level , call for a gravitational and or cosmic root of the inertia. In order to measure the Sagnac phase shift effect in rf-SQUID system let us briefly reconsider the rf-SQUID Hamiltonian in an inertial or in a rotational system and then show how the Sagnac shift arises. The generalized momentum in QED for Cooper pairs ,
where e > 0 ; the generalized momentum must satisfy the Bohr quantization rule :
The above equation for the Cooper electron pairs (of mass and energy m * ≃ 2m e , ǫ * cp ≃ 2ǫ e ) , whose kinematic momentum is
becomes
where A µ are the spatial part of the four-vector potential A i . Let us now remind that the Hamiltonian for a non rotating rf-SQUID is :
where Φ is the total rf-SQUID flux , C and L are respectively the capacity due to the Josephson junction and the self-induttance of the rf-SQUID ; i is the running current , i c is the critical (constant) current. We remind that
The P Φ is the "phase momentum" corresponding to the "classical charge" on the capacity C : the flux Φ and P Φ define a pair of conjugate variables of the Hamiltonian. The currents , once the system is in a symmetric twin well potential , begin to obscillate symmetrically with respect to an ideal inertial frame (the cosmic BBR system). The last interacting term in the Hamiltonian is due to the coupling of the Josephson junction and it is responsable for the breaking of symmetry once the ring rotates. We now consider the system co-rotating along the same ring axis. The average velocity of the Cooper pairs in the rotating system are found to be u µ u µ = ΩR (9) and the generalized Bohr quantization rule becomes
in agreement with a more rigorous derivation from general relativity 1 [6] [7] . We note that (for B = 0) the above phase expression is half the value in eqs (2) (3) . This is due to the fact that in the last equation we considered only one way path integral while in eqs(2-3) we considered twice phase integrals and their differences. Therefore this is a Sagnac effect for massive particles as it may be realized for an inertial mass m * = 2m e and charge e * = −2e related to Cooper pairs. The Josephson function in the rf-SQUID add a fractional phase α to the quantized phase considered in equation (10) :
where α is the phase shift difference at the edge of the Josephson junction. The phase shift of the Sommerfield-Bohr quantization rule , for n = 0 , reduces from equations (10-11) to :
where we defined the first perturbative phase , δα , with respect to the " inertial rest " case:
identical to half the modulus of the Sagnac phase found already in equation (3), where ǫ * cp is the Cooper pair energy. Therefore the interaction term of the Hamiltonian becomes asymmetric with respect to the non rotating case due to a new interacting term ( −δH Ω ):
The last asymmetric term (with respect to rest case) derives from the influence of the Josephson junction motion on the Cooper pairs. The perturbation to the Hamiltonian potential deforms the symmetric " two well " into an asymmetric " two well ". The deepest minima will collect most of the tunnelling event states , as shown below , leading to a more probable configuration where the (negative) Cooper charges are more often counter-rotating the same system angular velocity. In a qualitative way we may imagine the Josephson junction playing the role of a potential well for the two versus currents. While at rest the transmission in both directions is symmetric; once the rf-SQUID is rotating the nominal kinetic energy of the Cooper pairs (in the rest frame of the junction) appears asymmetric: the higher energy of the i + current, co-rotating respect to angular velocity, (where the negative Cooper charges are hitting the junction at higher velocities) leads to an easier tunneling probability through the Josephson junction. For the same reason the counter-rotating current i − (where Cooper pairs are hitting at lower kinetic energy) has a higher energy gap and a consequent lower transmission probability. Therefore one discovers an "anti-Lenz" law whose validity is based only on the negative charge nature of Cooper pairs. For an ideal positive boson charge the opposite will be true. We note that the whole Hamiltonian in rotating rf-SQUID ,
is deviated into an asymmetric state due to the last term in equation (14) proportional to δα , defined in equation (12). The new potential U (Φ) will be analysed in the following.
unperturbed Hamiltonian (at rest) H 0 has two minima around Φ 0 2 at val-
The two corresponding eigenfunctions and eigenvalues for symmetric and antisymmetric solutions (Ψ S , Ψ A ), (ǫ S , ǫ A ) respectively, lead to two composite wavefunctions:
, corresponding to left (Ψ L ) and right (Ψ R ) states (with respect to the maxima of U (Φ) at Φ 0 2 ). If we set at t = 0 the eigenstate Ψ L the probability difference to observe Φ < Φ 0 2 (P L ) with respect to the probability (P R ) of Φ ≥ Φ 0 2 , by an ideal measure at any time t , is the usual function
where ν tu is the tunnelling frequency between the two well for the "rest" Hamiltonian :
where ν LC is the (nearly) classical frequency due to LC system ∼ 1 2π √ LC of the harmonic oscillatory at the potential minima. Any measure resets the probability expectation value; if at an initial time , t = 0 , Φ < Φ 0 2 than , for t ′ > t , P (t ′ − t) = cos[2πν tu (t ′ − t)]. Then measure event is known as the "wave-packet collapse". The Hamiltonian perturbation frequency gap due to the angular velocity Ω and its Hamiltonian perturbation ν Ω ≃ |δH Ω | h , influence the two potential minima , the tunneling energy and the frequencies between the left and right eigenvalues ,ν tu = ν 2 tu + ν 2 Ω [11] . Consequently the probability evolution will reflect the new energy gap , mainly proportional to the Sagnac phase shift δα :
where ǫ * cp /2 ≃ m e c 2 γ. This approximation holds for δα << 1 , as it is in the most realistic cases. It should be noticed that, for Ω · Σ > 0, because on the right Φ ≥ Φ 0 2 , the final sign of δH Ω on that side is negative and the two well potential will be unbalanced as follows: "up" on the left and "down" on the right of Φ 0 2 . The physical meaning is that the most probable state will be at "positive" flux Φ > Φ 0 2 , i.e. , the "positive" Ω rotation will induce a flux and an average magnetic field along its vector sign (as mentioned in the introduction) leading to a preferential flux Φ > Φ 0 2 . This is due only to the negative charge nature of the Cooper pairs. In the following we want to quantify the perturbation in a realistic measure set up.
The experimental set up
Let us summarize the following characteristic frequencies : the single well frequency ν LC , the tunneling frequency at rest ν tu , in rotating systemν tu and the rotational Hamiltonian frequency ν Ω : , calculated between the extremes given by internal intersection of the total energy ǫ o with the U (Φ) potential. These quantities will be considered, for instance for the following realistic values of an rf-SQUID L = 1.5 · 10 −10 Henry , C = 1.5 · 10 −13 F arad , i c = 2.8 · 10 −6 Ampere , | Σ| = πR 2 , R = 1µm. In this range of values Φ 1 = 0.188 Φ 0 (by numerical solution in symmetrical "at rest" Hamiltonian), because of the little perturbative effect to be considered by rotation of rf-SQUID , the approximative values Φ will be considered in a "rotating" case. By considering ν LC ≃ 2.41 · 10 10 Hz (20)
the tunneling frequency (unperturbed at rest) at WKB approximation is Hz .
The new tunneling frequency is a composite one ,ν tu = ν 2 Ω + ν 2 tu , and for the values aboveν tu ≃ ν Ω ; from equation (13) |δα| = 1.09 · 10 −7 Ω rad s −1 and the probability to find the final flux at a time t in a symmetrical (at rest) and asymmetrical (in rotation) configuration is respectively given by : P H 0 (t) = cos (2πν tu t)
At a time period T = 1 4νtu the above differential probability for the unperturbed system gives P H 0 1 4ν tu = 0 (24) while the perturbed one (second equation of 23) gives
For any rotational angular velocity Ω > 10 −4 rad s −1 , i. e. nearly terrestrial one, the probability deviation is of the order of unity and makes realistic the experimental determination of the Sagnac signature of the Earth rotation as well as the Mach principle at a quantum level.
